We study the transition of a quantum system S from a pure state to a mixed one, which is induced by the quantum criticality of the surrounding system E coupled to it. To characterize this transition quantitatively, we carefully examine the behavior of the Loschmidt echo (LE) of E modeled as an Ising model in a transverse field, which behaves as a measuring apparatus in quantum measurement. It is found that the quantum critical behavior of E strongly affects its capability of enhancing the decay of LE: near the critical value of the transverse field entailing the happening of quantum phase transition, the off-diagonal elements of the reduced density matrix describing S vanish sharply. Introduction.-Nowadays quantum-classical transitions described by a reduction from a pure state to a mixture [1,2] renew interest in many areas of physics, mainly due to the importance of quantum measurement and the decoherence problem in quantum computing. To study this transition, some exactly solvable models were proposed for a system coupled to the macroscopic [3] [4] [5] or classical [6, 7] surrounding systems. Relevantly, in association with the quantum-classical transition in quantum chaos, the concept of Loschmidt echo (LE) from NMR experiments was introduced to describe the hypersensitivity of the time evolution to the perturbations experienced by the surrounding system [8, 9] . In this Letter, by a concrete example, we will show how quantum phase transition (QPT) [10] of the surrounding system can also sensitively affect the decay of its own LE, which means a dynamic reduction of its coupled system from pure state to a mixed one. Here, we note that a QPT effect has been explored for the Dicke model at the transition from quasi-integrable to quantum chaotic phases [11] .
Introduction.-Nowadays quantum-classical transitions described by a reduction from a pure state to a mixture [1, 2] renew interest in many areas of physics, mainly due to the importance of quantum measurement and the decoherence problem in quantum computing. To study this transition, some exactly solvable models were proposed for a system coupled to the macroscopic [3] [4] [5] or classical [6, 7] surrounding systems. Relevantly, in association with the quantum-classical transition in quantum chaos, the concept of Loschmidt echo (LE) from NMR experiments was introduced to describe the hypersensitivity of the time evolution to the perturbations experienced by the surrounding system [8, 9] . In this Letter, by a concrete example, we will show how quantum phase transition (QPT) [10] of the surrounding system can also sensitively affect the decay of its own LE, which means a dynamic reduction of its coupled system from pure state to a mixed one. Here, we note that a QPT effect has been explored for the Dicke model at the transition from quasi-integrable to quantum chaotic phases [11] .
As a quantum critical phenomenon, QPT happens at zero temperature, at which the thermal fluctuations vanish. Thus QPT is driven only by quantum fluctuation, and the uncertainty relation lie at the heart of various QPT phenomena. On the other hand, the randomness of the relative phase, which causes pure-mixed state transition, also has its source in the uncertainty principle [12] . It is this observation that enlightens us to explore the relationship between QPT and the pure-mixed state transition described dynamically by the time evolution of the LE. It is common that the ground state of the critical system is very sensitive to the varying magnitude of the coupling constant [13] , or the system experiences a spontaneous symmetry breaking at the critical point. Up to now, all of the known models of QPT possess this property. Actually, this kind of critical sensitiveness can be well understood by resorting to the concepts of quantum chaos through the LE [9] or macroscopic enhancement of phase randomness [12] .
Our approach is based on the Hepp-Coleman (HC) model [3, 4] , which was initially proposed as a model for quantum measurement. In our generalization, the free spin-1=2 ensemble, as a model of measuring apparatus, is replaced by the Ising spin chain E in a transverse field, and the two-level central system S interacts with this spin chain transversely [10, 14] . Corresponding to the two basis vectors of S, the interaction between E and S then leads to two slightly different effective Hamiltonians acting on E. The crucial point is that these two effective Hamiltonians have distinguished ground state symmetries near the critical point. This is just what underlies the decay of LE induced by the criticality of the surrounding system E.
Model setup based on quantum phase transition.-Our model concerning the decay of LE, illustrated in Fig. 1 , is very similar to the Hepp-Coleman model [3, 4] or its gen- eralizations [5] [6] [7] . We take the surrounding system E to be an Ising spin chain in a transverse field, which satisfies the Born-Von Karman condition automatically. Consider a two-level system S with the excited state jei and the ground state jgi, which is transversely coupled to E. The corresponding Hamiltonian reads as follows:
where J and characterize the strengths of the Ising interaction and the coupling to the transverse field respectively; indicates the small perturbation coupling of S to E; i ( x; y; z) are the Pauli operators defined on the ith site in the lattice with lattice spacing a. We assume the two-level system is initially in a superposition state j s 0i c g jgi c e jei, where the coefficients c g and c e satisfy jc g j 2 jc e j 2 1. Then the evolution of the Ising spin chain initially prepared in j'0i, will split into two branches j' ti expÿiH tj'0i ( e; g), and the total wave function is obtained as j ti c g jgi j' g ti c e jei j' e ti. Here, the evolutions of the two branch wave functions j' ti are driven, respectively, by the two effective Hamiltonians H g H; 0 and H e H; H g V e . Obviously, both H g and H e describe the Ising model in a transverse field, but with a tiny difference in the field strength. The central quantum system in two different states jei and jgi will exert slightly different backactions on the surrounding system, which manifest as two effective potentials V e ÿJ P j x j and V g 0. This difference just results in the decay of the LE [9] defined as
To show the key role of LE in depicting quantum decoherence of the central system, and manifest the difference between LE and decoherence, we define the purity [15] P Tr S 2 S Tr S fTr E t 2 g to describe the decoherence. Here, t j tih tj, and Tr means tracing over the variable of , ( E; S). A straightforward calculation reveals the relationship between LE and the purity as P 1 ÿ 2jc e c g j 2 1 ÿ L; t. This equation indicates that the purity depends on the initial states of the central system and the surrounding system E, but the LE only depends on the initial state of E. For simplicity, we assume the surrounding system is initially prepared in the ground state. In the following discussion, we will focus on the decay problem of LE induced by the coupling with the central system.
The exact solution for the Loschmidt echo.-We now prepare to prove that, just at the critical point c 1, the decay of LE is enhanced, accompanied by the QPT in one of the two evolution branches.
We first diagonalize the effective Hamiltonian as H e P k " k e A y k A k ÿ 1=2 in terms of the normal mode operators [10, 14] 
The corresponding single quasiexcitation energy "
Note that, in writing down the known result (3) in a compact form, we have combined the Jordan-Wigner map and the Fourier transformation to the momentum space [10, 14] . The effective Hamiltonian H g can be diagonalized in a similar way:
In this case the single quasiexcitation energy is " k g " k e 0 and the corresponding fermionic quasiexcitation operators B k can be obtained by the following Bogliubov transformation
Here, k We suppose that the spin chain is initially in the ground state j'0i jGi g of the Ising spin chain in a transverse field depicted by H g , i.e., B k jGi g 0 for any operator B k . Then, from Eq. (6) the state jGi g can be rewritten as a BCS-like state:
where jGi e is the ground state of H e . This explicit expression of jGi g enables us to calculate straightforwardly the LE (2), which assumes the following factorized form:
Quantum-classical transition at the critical point of QPT.-Since each factor F k in Eq. (8) has a norm less than unity, we may well expect L; t to decrease to zero in the large N limit under some reasonable conditions. This kind of factorized structure was first discovered and systematically studied by one of the authors in developing the quantum measurement theory in classical or macroscopic limit [7] and it has been applied to analyze the universality of decoherence influence from environment on quantum computing [16] . Now we study in detail the critical behavior of the surrounding system near the critical point c 1 and its relation to the sensitive evolution of the LE perturbed by the central system even for a finite N. This turns out to reveal a novel mechanism responsible for the enhanced decay of LE.
Let us first make a heuristic analysis of the features of the LE. For a cutoff frequency K c we define the partial product for the LE
and the corresponding partial sum S; t lnL c ÿ P K c k>0 j lnF k j. For small k we have " k e 2Jj1 ÿ ÿ j, sin 2 
when ! c 1, where 4J 2 2 EK c =1 ÿ 2 . Notice that L; t is less than L c ; t. So from the above heuristic analysis we may expect that, when N is large enough and is adjusted to the vicinity of the critical point c 1, the LE will exceptionally vanish with time.
On the other hand, we observe that seems to approach zero in the thermodynamic limit N ! 1 for Na keeps as a constant in the process of taking this limit and EK c / 1=N
2 . Since a true QPT can occur just in the thermodynamic limit, it is natural to doubt whether the QPT, and thus the induced decay of the LE, can happen at the critical point. In fact, due to the vanishing denominator 1 ÿ 2 of at the critical point of the QPT, the decay of the LE is still possible even for having a vanishing numerator. For a practical system used to demonstrate the QPT induced decay of the LE, the particle number N is large, but finite, and then the practical does not vanish. Now we resort to numerical calculation to test the heuristic analysis. For N 50-250, 0:1, the LE are calculated numerically from the exact expression (8) with the parameters within the ranges 2 0; 2, t 2 0; 27=J. The results are demonstrated in Figs. 2(a) and 2(b) .
In Fig. 2(a) there exists a deep valley in the domain around the line c ÿ 0:9. This reflects the fact that near the critical point of the surrounding system the LE is very sensitive to the perturbation experienced by the surrounding system. At the critical point, with a highly enhanced decay of LE, the central system transits from a pure state to a mixed state due to its entanglement with the surrounding system. The five curves in Fig. 2(b) clearly demonstrate the influence of N on the decay behavior of the LE. At c ÿ 0:9, the LE decays and revives as time increases. The period of the revival of the LE is proportional to the size of the surrounding system.
Decays and revivals of the Loschmidt echo as a witness of QPT.-The novel phenomenon of the synchronization between the QPT and the enhanced decay of the LE mentioned above and its physical implication deserves further exploring. Generally, the two terms in H e represent two competitive physical effects with different order tendencies: in the weak coupling case 1 the ground state is either all spins up or all spins down, while in the strong coupling case 1 the ground state tends to the saturated ferromagnetic state with all the spins pointing right. When takes the value of the order unity, the qualitative properties of the ground states for > 1 and < 1 are similar to those for 1 and 1, respectively. Only the critical point 1 has genuinely different properties.
The singular behavior of QPT at c reflects the hypersensitivity of the ground states of the surrounding system with respect to the perturbation coupling imposed by the central system, which is reflected by the evolution of LE. We can thus expect quantum evolution of the surrounding system to inherit this sensitivity, which can also be understood as a signature of quantum chaos: For a quantum system prepared in the identical initial state, two slightly different interactions can lead to two quite different quantum evolutions. Mathematically speaking, this means the LE, initially equal to 1, will decay with time and finally vanish. In this sense the sensitivity of quantum evolution to perturbation plays a crucial role in inducing the decay of LE. Because of the perturbations of two effective potentials caused by jei and jgi, respectively, the LE can decrease to zero due to the singularity at the critical point and the macroscopic enhancement of phase randomness for large N, only at which QPT occurs [12] .
Next, we numerically investigate the LE for system with finite N. It turns out that as N increases the LE will vanish for very small . For example, we take 0:01, N 500-2500 and compare the numerical results illustrated in Conclusion.-In summary, by a special model, we have obtained the exact expression of the LE and analyzed the possible relation between the quantum-classical transition of the central system, characterized by the LE of the surrounding system, and the occurrence of a QPT in its surrounding system E. Both the heuristic analysis and the numerical calculations we performed reveal a novel mechanism of the decay of the LE. It is well known that quantum critical phenomenon is closely associated with the entanglement among the qubits consisting of the surrounding system [17] . We would like to stress that our present study is from a different perspective; our emphasis is on the relation between the QPT of the surrounding system and its entanglement with the central system S, which is qualitatively characterized by the LE. In our model, the maximal quantum entanglement between S and E can be reached and then the central system transits from a pure state to a mixed state when a QPT of E takes place in one of the two evolution branches. This result suggests an unexplored and rather intriguing relationship among entanglement, LE, decoherence, and criticality. 3 (color online) . The quantum phase transition enhanced decay of LE at large N limit for small : except for 0:01 the explanations are the same as that in Fig. 2 .
